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Abstract
We ,rst propose for digital surfaces an analog to the notion of strong homotopy existing in
3D (On P-Simple points, no. 321, C.R. Academie des Sciences, 1995, p. 1077). We present the
associated parallel thinning algorithm. The surface of an object composed of voxels is a set of
surfels (faces of voxels). This discrete representation is not the classical one to visualize and
to work on 3D objects. Then, we propose a method for passing e7ciently from the discrete
representation to the continuous one, using the presented thinning algorithm. This way is more
e7cient than the existing methods (Proceedings of DGC’99, Lecture Notes in Computer Science,
Vol. 1562, Springer, Berlin, 1999, p. 425). Some examples and a method to make the reverse
operation (discretization) are presented. ? 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
To understand the motivation of this work, we ,rst have to explain what are the
constructive solid geometry (CSG) objects in the ,eld of geometric modeling [8,17],
both for the purposes of 3D graphics and computer assisted design (CAD) (see [9]).
The principle of CSG is to construct composed 3D-objects from elementary ones,
using boolean set-operations (union, intersection, boolean diBerence and others). These
“elementary” objects can be simple, such as spheres and cylinders, as well as more
complicated, such as a volume limited by a Jordan spline surface.
∗ Corresponding author. LLAIC1, IUT D)epartement Informatique, BP 86, F-63172 Aubiere, C)edex, France.
E-mail addresses: burguet@llaic.u-clermont1.fr (J. Burguet), remy.malgouyres@llaic.u-clermont1.fr
(R. Malgouyres).
0166-218X/02/$ - see front matter ? 2002 Elsevier Science B.V. All rights reserved.
PII: S0166 -218X(02)00226 -3
94 J. Burguet, R. Malgouyres /Discrete Applied Mathematics 125 (2003) 93–114
Up to now, the geometry of a composed CSG object is not explicitly encoded
into a data structure; rather, we encode a tree whose nodes are operators (union,
intersection, boolean diBerence, etc.) and whose leaves are elementary
objects.
There is no hardware optimization available for the display of such objects (for
instance as those available for the display of polyhedra), which would enable to de-
sign real-time navigation programs. For this reason, a method to explicitly compute a
Jordan surface representing composed CSG objects would be very useful for graphics
applications.
In the ,eld of CAD, the purpose is to manage automatically a mechanical machine
in order to produce a real material object, and an explicit computation of a surface
would also be useful. Some algorithms exist to compute boolean set operations on
continuous surfaces. However, these algorithms are not quite robust, and often fail
when the involved surfaces are tangent to each other.
The underlying idea of this paper is the following: there are some surfaces for which
computation of boolean set operations is well tractable, namely, discrete surfaces. For
this reason, if we provide a way to construct a discrete surface from a continuous one
(discretization), and to perform the reverse operation (polyhedrization), by combining
these methods with boolean set operations on discrete surfaces, we then get a method
for boolean set operations on continuous surfaces.
We restrict ourselves to continuous surfaces represented by polyhedra, since any
continuous surface can be approximated by such a structure. Discretization is not a
very di7cult problem, as it turns out from the discussion in Section 5.
The existing methods to polyhedrize surfaces, except in [7], are not speci,cally
adapted to our initial data structure representing the discrete surfaces, namely a set of
surfels.
The main purpose of this paper is to provide a method which, given a discrete
surface , e7ciently computes a “regular” polyhedron which approximates .
In the ,rst part, we present a parallel thinning algorithm to compute the skeleton of
a set of surfels. This algorithm is based on an analog for the surfaces of the notion of
strong homotopy existing in 3D introduced by Bertrand [3,4]. Indeed, this method is
known for its good results in 3D. The directional strategy, which is an e7cient method
for 2D thinning (see [18]), does not work for surfaces.
Then, we present a polyhedrization method which is based on the use of a seed-
obtained skeleton. The seeds are particular surfels chosen, with respect to the maximal
curvature, in diBerent locations of our surface; the higher is the curvature, the more
numerous are the seeds. Methods for reconstructing a surface from scattered points
using VoronoOP diagram exist [1,2], but we use a topological approach for the discrete
surfaces (see [15,6]) which is simpler and speci,cally adapted to our case. This leads
us to de,ne a kind of “topological VoronoOP diagram” on these surfaces. Moreover, the
obtained diagram is topologically correct, which is essential for our purpose: we use
the parallel algorithm previously presented in order to compute the skeleton of the set
of surfels composed of our surface from which the seeds are removed. This “diagram”
allows us to build the triangular faces of our polyhedrized surface. These triangles
are built during a cover of the skeleton. Since the seeds are more numerous where the
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surface is very curved, the number of faces is higher in such locations. Some examples
of the polyhedrization algorithm results are given.
The presented method, which can also be used for (non-conservative) data compres-
sion of binary 3D images, is much faster than the method introduced in [7]. Moreover,
it produces more regular faces, which are all triangles, that makes it much more con-
venient for applications.
A method to make the reverse operation (discretization) is brieQy presented. It is
based on a particular data structure: an array the cells which contain chained lists of
surfels. Note that the boolean set operations can easily be performed using this data
structure.
2. Notations and basic notions
Let X and E be two enumerable sets such that X ⊂ E. We denote by RX the
complement of X in E and by card(X ) the number of elements of X . In the following,
an adjacency relation on X is an antireQexive symmetric binary relation on X . Given
	 an adjacency relation, an 	-path in X with length l is a sequence (x0; x1; : : : ; xl) in X
such that xi−1 is 	-adjacent to xi, for i= 1; : : : ; l. An 	-path is called closed if x0 = xl
and simple if the xi are pairwise distinct. Two elements y and y′ of X are said to
be 	-connected in X if there exists an 	-path (x0; x1; : : : ; xl) contained in X such that
y= x0 and y′= xl. The 	-connectedness is an equivalence relation and its equivalence
classes are called 	-connected components. We denote by C	(X ) the set of connected
components of X and X is said to be 	-connected if card(C	(X )) = 1.
2.1. Surface of a 3D object
A discrete 3D object O is a set of points in Z3. These points, which can be rep-
resented as unit cubes centered on points (i; j; k)∈Z3, are called voxels. Two voxels
are said to be 6-adjacent if they share a face, 18-adjacent if they share a face or an
edge. As above, we derive from this the classical notions of an n-path and n-connected
component, with n∈{6; 18}, and we denote by Cn(O) the set of n-connected compo-
nents of the object O. We de,ne the n-neighborhood of a voxel x denoted by Nn(x)
by Nn(x) = {y∈Z3|y is n-adjacent to x}.
In the following, if we consider O with the n-adjacency, we suppose that O is
n-connected.
Now, a surfel is a pair (v1; v2) of 6-adjacent voxels v1 and v2. A surfel may be
seen as a unit square shared by two 6-adjacent voxels, and then we call surface of
an object O ⊂ Z3 the set of all surfels (v1; v2) such that v1 ∈O and v2 ∈ RO. We can
de,ne adjacency relations between surfels, and these relations depend on the one we
consider on voxels.
We consider the surface  of an object O. Now, we call e-adjacency the adjacency
relation on surfels considering the edges. Considering this notion, a surfel has exactly
four neighbors, one per edge. More precisely:
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Fig. 1. The four e-neighbors of black surfels, according to the adjacency considered on the object.
Denition 1. Let n∈{6; 18}. Let  the surface of an object O ⊂ Z3; considered with
the n-adjacency. Let (o1; p1) and (o2; p2) be 2 surfels in ; with o1; o2 ∈O; and
p1; p2 ∈ RO. These surfels are said to be e-adjacent if the voxels o1; o2; p1 and p2
share a common edge and
• if n= 6: o1 and o2 are linked by a 6-path with a length equal at most to 2 in O;
• if n= 18: p1 and p2 are linked by a 6-path with a length equal at most to 2 in RO.
In Fig. 1(a), the four e-neighbors of the black surfel are represented (gray surfels).
The e-neighborhood of a surfel of the surface of O depends on the adjacency we
consider on O. For example, let us call x the black surfel in Figs. 1(b) and (c). If
we consider the 6-adjacency on the object (Fig. 1(b)), the object is composed of two
6-connected sets, and the four e-neighbors of x are the three gray surfels plus the
one pointed by an arrow. By contrast, if we consider the object with the 18-adjacency
(Fig. 1(c)), the object is 18-connected and the four e-neighbors of x are the four gray
surfels.
We are now going to de,ne an adjacency relation associated with the vertices of
the surfels. First, we de,ne a loop in  as an e-connected component of the set of all
surfels in  which share a given vertex. In Fig. 2(a), the vertex (black point) de,nes a
loop composed of the gray surfels. One vertex may de,ne two loops, so the loops are
a way to duplicate formally vertices. In Fig. 2(b), if we consider the 18-adjacency on
the object, the marked vertex de,nes two loops, one composed of the 3 gray surfels,
and the other one composed of 6 hidden surfels. In Fig. 2(c), the black vertex de,nes
two loops with 3 surfels (each loop included in one of the two voxels). Then:
Denition 2. Two surfels are said to be v-adjacent if they belong to a common loop.
We can see in Fig. 3 the v-neighbors of the black surfels. As in the e-adjacency
case, the v-neighbors of a surfel depends on the one we consider on the object.
Then, e and v are adjacency relations on  from which follow the classic notions of
n-paths, n-neighborhoods, and n-connected components, with n∈{e; v}. The kind of
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Fig. 2. Examples of diBerent loops de,ned by a vertex. On (a), the marked vertex de,nes one loop. On
(b), the vertex de,nes two loops (the gray one and another behind the object). On (c), the vertex de,nes
two loops, one on each voxel.
Fig. 3. The v-neighborhood of the black surfel.
Fig. 4. Counter-example: the two loops de,ned by the marked vertices contain 2 non-e-adjacent surfels in
common (surfels pointed by arrows).
surfaces de,ned above satis,es the Jordan property [10], namely an e-connected compo-
nent of a surface separates the space into two parts: a 6-connected and an 18-connected
one [21].
In the following, to assure a topological coherence, we assume that each loop of
our surface is a topological disk. In other words, two v-adjacent surfels which are not
e-adjacent cannot belong simultaneously to two distinct loops. Thus, we impose on
the objects not to be too thin. The object of Fig. 4 does not satisfy our hypothesis
because the two loops de,ned by the marked vertices contain common surfels which
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A black surfel x Ge(x, X)
in a set X (grey)
Gv(x, X)
Fig. 5. Examples of graphs Ge(x; X ) and Gv(x; X ) for the black surfel in the gray set.
are v-adjacent but not e-adjacent. This hypothesis is not too restrictive, since we can
double the resolution of the 3D object. It consists in subdividing each voxel into 8
voxels. See [16] for a short discussion about this point.
Furthermore, we make the assumption that each set of surfels X we consider is not
equal to . Indeed, if we remove a surfel from , we create a hole in the surface, and
thus we modify the topology of .
2.2. Neighborhood graph of surfels
Let x∈; n∈{e; v} and X ⊂  be a set of surfels. We want to study the topology
of sets such as X in the space E=. Consequently, we denote RX =\X . We introduce
the neighborhood graph of surfels of x as follows. We have assumed that each loop
in  is a topological disk, but there exist some v-neighborhoods Nv(x) which are not
topological disks (see the surfels of the two loops de,ned by the marked vertex in Fig.
2(b)). Then we have to de,ne another “topology” under which Nv(x)∪{x} is a topolog-
ical disk. Two surfels s1 and s2 in Nv(x)∪{x} are said to be ex-adjacent (respectively,
vx-adjacent) if they are e-adjacent (respectively v-adjacent) and are contained in a
common loop which contains x. Then, we denote by Ge(x; X ) (respectively, Gv(x; X ))
the graph whose vertices are the surfels of Nv(x) ∩ X and whose edges are the pairs
of ex-adjacent (respectively, vx-adjacent) surfels of Nv(x)∩X . The set of all connected
components of Gn(x; X ) which are n-adjacent to x is denoted by Cxn(Gn(x; X )). Note
that Cxn(Gn(x; X )) is a set of sets of surfels and not a set of surfels.
Let us consider Fig. 5. The graphs Ge(x; X ) and Gv(x; X ) which correspond to the
black surfel x in the gray set X are represented. So, the Cxe (Ge(x; X )) contains one set
and Cxv (Ge(x; X )) contains two sets.
A surfel x is said to be n-isolated in X if Nn(x) ∩ X = ∅ and to be n-interior in X
if N Rn(x) ∩ RX = ∅.
2.3. The digital fundamental group
First, let us consider two n-paths of surfels C1 and C2. If the extremity of C1
is equal to the origin of C2, we denote by C1 ∗ C2 the concatenation of C1 and
C2. Now we introduce the homotopy relation between paths. We say that C1 is an
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Fig. 6. Two equivalent paths (the gray one plus the dark one and the gray one plus the clear one): there is
a local deformation included in the loop de,ned by the marked vertex.
elementary n-deformation of C2 if there exist four paths 1; 2; C and C′ such that
C1=1∗C ∗2; C2=1∗C′∗2, and such that C and C′ have the same extremities and
are included in a common loop (see Fig. 6). Now, C1 and C2 are said to be n-homotopic
(with ,xed extremities) if there exists a ,nite sequence of paths C1 = 	0; : : : ; 	p = C2
such that 	i is an elementary n-deformation of 	i−1, for i = 1; : : : ; p. In this case, we
denote C1  C2.
Let b∈X be a ,xed surfel called base surfel. We denote by Anb(X ) the set of all
closed paths  = (s0; s1; : : : ; sl−1) in X such that s0 = sl−1 = b. Then the n-homotopy
relation is an equivalence relation on Anb(X ), and the set of its equivalence classes is
denoted by n1(X ). The concatenation of n-paths is compatible with that n-homotopy
relation. It de,nes an operation on n1(X ): the concatenation associates to the classes
of two paths 	 and  the class of . Hence this operation provides n1(X ) with a group
structure, which is called the n-fundamental group of X. Note that it can be proved
that the choice of the base surfel is not decisive as long as b is in a ,xed n-connected
component.
We consider Y ⊂ X ⊂  and b∈Y a base surfel. Since a closed n-path in Y is a
particular case of a closed n-path in X , if two closed n-paths of Y are n-homotopic
(with ,xed extremities) in Y , they are n-homotopic (with ,xed extremities) in X . Then
we introduce a morphism i∗: n1(Y )→ n1(X ) induced by the inclusion i: Y → X . To
each class of closed n-path ∈Anb(Y )∈n1(Y ), the morphism i∗ associates the class
of the same n-path in n1(X ) (see Fig. 7).
Note that there exist groups nk(X ) called homotopy groups for k ∈N, but we only
need the case k = 1.
2.4. Simple surfels
First, let us introduce the notion of n-simpleness of surfels:
Denition 3 (Malgouyres and Lenoir [19]). Let X ⊂  be a set of surfels of a digital
surface . A surfel x∈X is said to be n-simple in X if and only if x is not n-interior
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Fig. 7. There exist two paths classes in the set: the trivial class (the dark path is reductible to the trivial
path) and the class of the clear path (this path is not reductible to the trivial path).
in X and if the number of connected components of Gn(x; X ) which are n-adjacent to
x is equal to 1.
Note that there might exist connected components of Gn(x; X ) which are not n-
adjacent to x. Intuitively, a surfel is n-simple in X if its deletion from X does not
change the topology of X . This notion is analogous to the classical notion of simple
pixel existing in 2D [20]. We introduce the notion of n-simplicity of a surfel using the
following property:
Proposition 4 (Fourey and Malgouyres [7]). Let X ⊂ ; X =; and x∈X . The fol-
lowing properties are equivalent:
• the surfel x is n-simple;
• the morphism i∗: n1(X \ x)→ n1(X ) induced by inclusion is an isomorphism.
Denition 5. Let Y ⊂ X ⊂ . The set Y is said to be n-homotopic to X if and only
if Y can be obtained from X by sequential deletion of n-simple surfels.
Thus, we can obtain a skeleton from a set of surfels by a sequential erosion analogous
to classical 2D sequential thinning [12,16]. As in the planar 2D case [12], this method
presents some drawbacks: the shape of the skeleton depends on the order with which
the surfels are removed and thus with which the n-simplicity of surfels is tested (see
Fig. 8 if we use the lexicographical order to test the n-simplicity of surfels). Moreover,
the strategy using end surfels, i.e. surfels having only one n-neighbor in the set we
work on (see [18,19] for the notion of endpoints in 2D), generates the apparition of a
lot of undesirable branches (see Fig. 13 in the following).
For these reasons, we are now interested in a new thinning method of sets of surfels
using a parallel strategy.
3. Parallel strategy
There is a theoretical problem to delete simultaneously several simple surfels, without
changing the topology. For example, in Fig. 9, the surfels s1 and s2 of the set X
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Fig. 8. A decentred skeleton (in black) of the gray set.
s1 s2
Fig. 9. The surfels s1 and s2 are both simple in the gray set X , but their simultaneous removal disconnects
two parts of X .
composed of gray surfels are n-simple in X , but we cannot remove simultaneously
these surfels without changing the topology. So, we must de,ne another method to
establish a parallel strategy.
3.1. P-simple surfels and strong homotopy
A ,rst idea could be the use of an analog of a good method for the 2D pictures:
the directional thinning. But in 3D, there exists some cases in which this method does
not preserve the topology of the initial set. Then, we consider another strategy, which
turns out to be much more e7cient.
The method presented below is an analog of a parallel thinning algorithm existing
in 3D introduced by Bertrand [11], and using the notion of P-simple points.
First, let us state de,nitions and properties.
Denition 6. Let Y ⊂ X ⊂ . The set Y is called strongly n-homotopic to X if for any
Z such that Y ⊂ Z ⊂ X ; the set Z is n-homotopic to X . If Y is strongly n-homotopic
to X ; then we call the set S = X \ Y a strongly n-simple set in X .
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S1 P
S2
Fig. 10. The surfel s1 is Pe-simple in the gray set X if P is the “border” of X . The surfel s2 is not Pe-simple
in X .
Obviously, note that if Y is strongly n-homotopic to X , then for any set S ⊂ X \ Y ,
the set X \ S is always n-homotopic to X .
Denition 7. Let X ⊂ ; P ⊂ X and x∈X . The surfel x is called Pn-simple in X if;
for any set S such that S ⊂ P \ {x}; the surfel x is n-simple for X \ S. We denote by
Sn(P) the sets of the Pn-simple surfels. A set E ⊂ X is said to be Pn-simple in X if
E ⊂ Sn(P).
For example, let us consider the gray set of surfels X in Fig. 10, with n= e. Let P
be the set of surfels in X which have at least an e-neighbor in RX (dark surfels in the
,gure). For any set S ⊂ P \ {s1}, the surfel s1 is n-simple in X \ S. It is not the case
for the surfel s2. Indeed, if S = p; s2 is not e-simple in X \ S.
The Pn-simple surfels satisfy a strong constraint, namely a Pn-simple surfel can
be removed whatever the set contained in P already removed. Now, we establish a
relationship between the notions of strongly n-simplicity and Pn-simplicity which is
directly deduced from the de,nitions.
Theorem 8. Let Y ⊂ X ⊂ . The set Y is strongly n-homotopic to X if and only if
the set P = X \ Y is Pn-simple for X .
Proof. A set Y of Pn-surfels is clearly strongly n-simple in X . Indeed; we can remove
any subset S of P from X because of the Pn-simplicity of the surfels of S. Indeed; we
can remove all surfels in S by deleting each surfel of S; one by one and in any order;
and the surfels of S remain simple in the obtained set; due to Pn-simpleness.
We suppose now that Y is strongly n-homotopic to X . Let x∈P and S ⊂ P\{x}. We
will show that x is n-simple in X \S, using Proposition 4. Let p∈ (X \ (S ∪{x})) be a
base surfel. As X \(S∪{x}) is n-homotopic to X , the morphism i′∗: n1(X \(S∪{x}))→
n1(X ) induced by the inclusion i1: X \ (S ∪ {x}) → X is an isomorphism. Similarly,
i′′∗ : 
n
1(X \S)→ n1(X ) induced by the inclusion i2: X \S → X is also an isomorphism.
Let i∗ be the morphism from n1(X \ (S ∪{x})) to n1(X \ S) induced by the inclusion
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i3: X \ (S ∪ {x})→ X \ S. In the following diagram:
Tn1(X ∪ {x}))
i′∗→ Tn1(X )
i∗ ↘ ↗ i′′∗
Tn1(X )
we have i′∗ = i
′′
∗ ◦ i∗ and therefore i∗ is an isomorphism. Finally, due to Proposition 4,
x is n-simple for X \ S and so x is Pn-simple.
Now, we propose a local characterization of the Pn-simple surfels, which makes the
notion of a Pn-simple surfel eBective.
Denition 9. We denote by An(x; X ) the set of all surfels de,ned by
y∈An(x; X ) ⇔ ∃ an nx-path in Nv(x) ∩ X from y to x
and we denote by Tn(x; X ) the number of nx-connected components of An(x; X ).
In other words, An(x; X ) is the union of all connected components of Gn(x; X ) which
are n-adjacent to x.
Proposition 10 (Malgouyres and Lenoir [19]). Let X ⊂  and x∈X . The surfel x is
n-simple if and only if Tn(x; X ) = 1 and T Rn(x; RX ) = 1.
Theorem 11. Let P ⊂ X ⊂  and x∈P. We denote R = X \ P. Then the surfel x is
Pn-simple in X if and only if the four following properties are satisAed:
(1) Tn(x; R) = 1;
(2) T Rn(x; RX ) = 1;
(3) ∀y∈Nn(x) ∩ P; y is n-adjacent to An(x; R);
(4) ∀y∈N Rn(x) ∩ P; y is Rn-adjacent to A Rn(x; RX ).
This theorem enables us to test the Pn-simpleness of surfels by only local consider-
ations, and then to de,ne an algorithm using a parallel strategy.
Proof. (⇒) Let us suppose that the surfel x is Pn-simple. Then x is n-simple for X
and we have T Rn(x; RX ) = 1 (Proposition 10).
If S=P \{x}, then x is n-simple for X \S=R∪{x}. So Tn(x; R∪{x})=Tn(x; R)=1.
Let y∈Nn(x)∩P and S=P\{x; y}. Then x is n-simple for X \(P\{x; y})=R∪{x; y}
and Tn(x; R ∪ {y}) = Tn(x; R ∪ {x; y}) = 1. We deduce that y is n-adjacent to An(x; R).
Indeed, we have Tn(x; R ∪ {y}) = Tn(x; R) = 1. Then, if we add y to R, we do not
create a new n-connected component in An(x; R).
Let y∈N Rn(x) ∩ P and S = {y}. The surfel x is n-simple for X \ {y}. So we have
T Rn(x; RX ∪ {y}) = T Rn(x; RX \ {y}) = 1. So y is Rn-adjacent to A Rn(x; RX ).
(⇐=) Let us suppose that the four conditions are satis,ed. First, let us show that x
is n-simple for X .
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We have R∪P=X , so that An(x; R) ⊂ An(x; X ). The surfels in P which are n-adjacent
to x satisfy Condition 3. So, these surfels belong to the same n-connected component
of An(x; X ), the one which contains An(x; R). Hence, all the surfels of Nn(x) ∩ P are
in the same n-connected component of An(x; X ). So, An(x; X ) is composed of only one
n-connected component, and so that Tn(x; X ) = 1. From Tn(x; X ) = 1 and Condition 2,
we deduce that x is n-simple for X .
Now, we show that, for all S ∈P; x is n-simple for X \ S, by induction on the
elements of P ∩ Nv(x).
First, the surfel x is n-simple for X .
Let s∈ S such that s∈P ∩Nv(x). Let us show that x satis,es the four conditions of
the theorem, no more for the set X but for the set X \ s.
(1) s∈P, then Tn(x; (X \ {s}) \ (P \ {s})) = Tn(x; X \ P) = Tn(x; R) = 1.
(2) We have T Rn(x; RX ) = 1. Suppose that s∈N Rn(x). Then, following Condition 4,
∀y∈N Rn(x)∩P; y is Rn-adjacent to A Rn(x; RX ). So we have T Rn(x; X \ {s})=T Rn(x; RX ∪{s})=
1. Now, let us suppose that s ∈ N Rn(x). We will show that if we remove s from X , i.e.
add s to RX , we do not create a new Rn-connected component in A Rn(x; RX ∪{s}). Suppose
the contrary, so that s is contained in the created Rn-connected component. Then, from
the de,nition of A Rn(x; RX ), there exists an Rn-path in Nv(x) ∩ RX which connects x to s.
Let p be the last surfel of this path before s. This surfel cannot belong to A Rn(x; RX ),
otherwise p, and then s, should be Rn-connected to the only Rn-connected component of
A Rn(x; RX ). But we have p∈ (N Rn(x)∩ RX ). Then p∈A Rn(x; RX ). So there is a contradiction
and we ,nally have T Rn(x; RX \ {s}) = 1.
(3) The condition ∀y∈Nn(x) ∩ P; y is n-adjacent to An(x; R) is always satis,ed
because we remove a surfel of P and R= X \ P.
(4) According to Condition 4, the set A Rn(x; RX ∪ {s}) = A Rn(x; X \ {s}) is composed
of only one Rn-connected component. Let y∈N Rn(x) ∩ (P \ {s}). Let us assume that
A Rn(x; RX ∪{s}∪{y}) has more Rn-connected components than A Rn(x; RX ∪{s}). The surfel
y belongs to the new Rn-connected component of A Rn(x; RX ∪ {s} ∪ {y}), so there is no
Rn-path from y to a surfel of A Rn(x; RX ∪{s}). Furthermore, there is no more Rn-path from y
to a surfel of A Rn(x; RX ), since A Rn(x; RX ) ⊂ A Rn(x; RX ∪{s}). We deduce that A Rn(x; RX ∪{y})
is not Rn-connected, and it is a contradiction.
Finally, we have proved that the surfel x veri,es the four properties for the set
X \ {s}. It follows by induction that x satis,es the four properties in X \ S for any
S ⊂ P and so x is simple in X \ S.
3.2. Parallel algorithm and results
First, we introduce a sequential thinning algorithm of a subset X of a surface
, implemented by Lenoir [14,16]). The two-step principle is the following
one:
While there exist some n-simple surfels in X ,
• for all x in X , if x is n-simple, mark x with REMOVABLE,
• for all surfels in X , if x is marked with REMOVABLE, and x is n-simple in the
remaining set, remove x from X .
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Fig. 11. There are no more P-simple surfels but there remain simple surfels.
So, we ,rst mark the simple surfels, and then we remove the marked surfels, if they are
still simple after previous deletions of marked surfels. To preserve the general shape of
our initial set of surfels, we impose on the end surfels (i.e. surfels of X with exactly
one neighbor in X ) to be unremovable.
The parallel algorithm is the following one:
While there exist some Pn-simple surfels in X ,
• for all x in X , if x is Pn-simple, mark x with REMOVABLE,
• for all surfels in X , if x is marked with REMOVABLE, remove x from X .
Due to Theorem 8, this algorithm preserves the topology of X , so that the skeleton
has the same topology as the initial set.
Only the surfels that are Rn-adjacent to X can be removed from a set X at each
step. So, to test the Pn-simplicity of the surfels in X , our set P will be the set of the
surfels in X which are Rn-adjacent to RX . Now, a surfel which is not Pn-simple may be
n-simple. Indeed, this algorithm retains the parts with a width equal to 2 (see the gray
surfels in Fig. 11). These parts cause the apparition of branches, and are due to the
fact that, locally, the set R of interior surfels is empty.
So, after using the parallel algorithm, we will use the sequential one to remove all
n-simple surfels which are not end surfels (the condition concerning the end surfels
permits us to conserve the branches obtained by the parallel algorithm).
The results of this algorithm (see Fig. 13) are, as in the 3D case, quite better than the
ones obtained by the sequential algorithm (in Fig. 13, the skeleton seems sometimes to
be deconnected, but it is not the case and it is due to the fact that we have an image of
a 3D object). First, there are less undesirable branches on the ,nal squeleton obtained
by the parallel algorithm. Next, the symmetry of this skeleton is closer to the one of the
initial set of surfels. For example, let us consider the cube of Fig. 13. The barycenter
of the white set is (70.815392, 70.684830, 70.874130), the barycenter of the skeleton
obtained with the sequential algorithm is (61.563698, 77.224350, 79.131905), and the
one of the skeleton obtained with the parallel algorithm is (70.823532, 70.650002,
70.820587).
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(a) (b)
Fig. 12. If the set X is a gutter, a correct skeleton may be the one represented in (a). But the barycenter of
the bad skeleton (represented in (b)) is nearer to the initial set barycenter than the one of the good skeleton.
For this example, the use of the barycenter is interesting to compare the results of
the algorithms. Indeed, each component of the initial set is planar and is symmetrical
according to the barycenter of the cube. But in many cases, this parameter is not
relevant. Let us consider Figs. 12. A good skeleton may have a barycenter further to
the initial set than a bad skeleton.
4. Polyhedrization
The polyhedrization method presented here consists of three steps.
4.1. Step one: the choice of seeds
The ,rst step consists in selecting some special surfels on the surface of the object
we want to polyhedrize. These surfels, called seeds, are distributed according to the
curvature of the surface: the more curved is the surface, the more numerous are the
seeds. First, using the method of Lenoir [13,14]), we compute the maximal curvature of
all the surfels of the surface. This method is speci,cally designed for discrete surfaces,
and therefore it is particulary adapted to our goal. To compute the curvature of a surfel
s, we ,rst compute the curvatures of planar curves in a small neighborhood of s, using
local considerations. These curves are obtained by ,xing one of the coordinates space.
From these values, we recover the value of the curvature of s.
Then, we randomly choose a surfel x, which is our ,rst seed, on the surface and:
(a) determine a maximal width l(x) depending on the maximal curvature of the
surfel,
(b) carry out breadth-Arst exploration (using a FIFO structure) of the e-adjacency
graph from the seed until the distance l(x) to the initial seed x is reached; we
mark the covered surfels,
(c) if there are some non-marked surfels, choose a new seed x among the non-marked
neighbors of the marked surfels, and go back to step 1. Otherwise, STOP.
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Fig. 13. Comparison between the results of the sequential algorithm and the parallel algorithm. The initial
sets are white in the ,gures and the obtained skeletons are black.
r
(a) (b)
Fig. 14. Obtaining the seeds: breadth-,rst exploration according to the curvature of the surface.
At step (a), the l(x) value is obtained according to the curvature radius r(x) of the
maximal curvature at x (see Fig. 14(a)). The width l(x) is regulated with a coe7cient
k, with 0¡k¡ 1, which is a parameter of the method. Then we have l(x)= k× r(x).
The smaller is the parameter, the more numerous are the faces of the output polyhedron,
and the more accurate the approximation.
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Fig. 15. The seeds (in white) on the surfaces of three voxels objects. The value of k for the three examples
is 0.25 and the values of L are respectively 4, 15 and 4.
At step (b), it is important to notice that we can choose a limit width L for the
breadth-,rst exploration. If the computed width l(x) is larger than L, then we replace
l(x) by L. Moreover, we use a slowdown strategy at the more curved places during the
breadth-,rst exploration (see Fig. 14(b)). In fact, we consider the maximal curvature
of the surfels we come across. If a covered surfel y at a place has a maximal curvature
greater than the initial surfel x, the breadth-,rst exploration beyond y never continues
beyond the distance l(y). Thus, we can obtain a density of seeds as a function of the
curvature.
At step (c), for better results, the next seed is the one which has the greatest maximal
curvature. Indeed, with this choice, we obtain even more faces at the most curved
places.
We denote by G the set of all seeds thus obtained. Some results of this strategy are
presented in Fig. 15.
4.2. Step 2: obtaining a “topological VoronoDE diagram”
Let  be the surface of the object. To obtain the “topological VoronoOP diagram” (i.e.
a skeleton in which there are no more simple surfels), we use the thinning algorithm
presented in Section 3.2 on the set  \ G, without the end surfels conditions. For the
three objects of Fig. 15, we obtain the results shown in Fig. 16.
The skeletons appear to be denser where the seeds are more numerous.
4.3. Step 3: construction of faces
Now, from the skeleton and the seeds, we are going to cover the triangular faces
which will constitute our polyhedrized surface.
Let us consider Fig. 17(a). The seeds are represented by the black points, and the
skeleton by the thick black lines. There are two kinds of surfels on the skeleton: the
surfels of the branches (surfels which have exactly two neighbors in the skeleton) and
the surfels of the intersections (surfels which have strictly more than two neighbors).
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Fig. 16. The chosen seeds and the “topological VoronoOP diagrams”.
Fig. 17. Obtaining triangular faces from the skeleton: (a) seeds and skeleton; (b) seeds-intersections; (c)
,nal faces.
In fact, we call intersection a connected component of the set of the surfels of the
skeleton which have more than 2 neighbors in the skeleton. So, we cover the skeleton
by covering of the branches from an intersection to another one. Let I1 and I2 be the
barycenters of two intersections connected by a branch. The segment I1I2 is the edge
of two triangles and the other vertices of these triangles are the seeds which the branch
separates (see Figs. 17(b) and (c)).
4.4. Results
The results of the algorithm for the sphere with radius 15, the cork and the blood
vessels are presented in Fig. 18. The initial numbers of surfels of these surfaces are,
respectively, 4254, 81066, 10792 and the chosen limit widths L are 4, 8 and 4. We
have k = 0:2. The numbers of triangular faces obtained by the algorithm are 504,
3914 and 1316. It takes a few seconds to compute the polyhedrized surfaces (for the
biggest example, the cork, it takes about 30 s on Ultra Sparc Suntm work stations with
bi-processors).
Note that, by increasing L and k, we obtain less faces.
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Fig. 18. The polyhedrized surfaces obtained from the sphere, the cork and the blood vessels.
Table 1
Dimensions of the bounding boxes of the discrete surfaces and the polyhedrized surfaces
Bounding boxes Sphere Cork Blood vessel
Discrete surface x: 69; 131 x: 13; 187 x: 1; 187
y: 69; 131 y: 13; 187 y: 67; 193
z: 69; 131 z: 17; 197 z: 11; 187
Polyhedrized surface x: 69; 129 x: 13; 187 x: 1; 187
y: 71; 129 y: 13; 187 y: 67; 191
z: 71; 129 z: 17; 197 z: 11; 186
For objective comparison between the discrete surfaces and the polyhedrized ones,
let us consider some numerical values. In the following, the unit of measure is the
length of the edges of the surfels.
First, we can refer to Table 1 to consider the bounding boxes of the surfaces, i.e.
the minimal boxes which contain the surfaces. The dimensions of the boxes of the
polyhedrized surfaces are at most equal to the dimensions of the ones of the discrete
surfaces and are similar. The diBerence is lower when the number of surfels of the
initial surface is greater. For example, the dimensions of the bounding boxes for the
cork are the same, and the maximal diBerence between the dimensions of boxes for
the blood vessels is around 1.58%, for the y-axis. For the sphere, which is composed
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Table 2
Barycenters of the initial discrete surfaces and barycenters of the polyhedrized surfaces
Barycenters Sphere Cork Blood vessel
Discrete surface (100.000000, (100.000000, (115.193665,
100.000000, 100.000000, 110.405670,
100.000000) 90.579338) 99.939026)
Polyhedrized surface (99.230385, (99.345978, (112.244820,
99.552513, 100.269241, 109.416061,
99.518738) 92.487976) 101.052643)
Table 3
Distances between the surfels of the discrete surfaces and the polyhedrized surfaces
Surfaces distances Sphere Cork Blood vessel
Maximal distance 4.642203 9.296930 5.830952
Average distance 1.190914 1.430139 1.018000
Number of surfels=number 8.4404762 20.711804 8.2006079
of triangular faces
of less surfels, the maximal diBerence between the dimensions is around 6.45% less,
for the y- and z-axes.
Now, the barycenters of the surfaces are computed as follows: ,rst, we compute
the surfaces of the faces (for the discrete surfaces, the surface of a surfel is equal to
1). So, the barycenter of the surface is the barycenter of the barycenters of the faces,
where each face barycenter has a weight equal to the surface of the face.
Then, the barycenters of the surfaces (discrete or polyhedrized) are represented in
Table 2 for the three examples. The distances between the barycenters for the surfaces
are, respectively, 1.012011, 1.151122 and 2.0354691. These values are not too im-
portant in comparison with the dimensions of the corresponding bounding boxes (see
Table 1). Note that the distance is greater for the most irregular surface, i.e. the blood
vessel.
Moreover, we can consider the distances, denoted d, between each surfel of the
discrete surfaces and the polyhedrized surfaces (see Table 3). Concerning the cork,
which is the biggest surface, dmax is ¿ 9, but the average value of d, for the three
examples, are close up to 1. In Table 4, we can see the evolution of d for the sphere,
depending on the limit width L (the value of k is always 0.2, since L is the most
signi,cant value). By increasing L, we have less faces and the error is more important.
So, the choice of L is relevant for the results we want to obtain.
5. Discretization
Now, we have an eBective tool to obtain a polyhedrized surface from a discrete one.
Here, we brieQy present a method to realize the reverse operation in 3D.
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Table 4
Distances between the surfels of the discrete surfaces and the polyhedrized surfaces for the sphere, according
to the value of L
Surfaces distances=L Sphere, L= 4 Sphere, L= 6 Sphere, no L
Maximal distance 4.642203 6.418921 7.100833
Average distance 1.190914 1.655327 2.186297
Number of surfels=number 8.4404762 17.578512 24.170455
of triangles
Surfel 2Surfel 1 Surfel 3
Fig. 19. The data structure: the discrete surface obtained with our discretization method is represented by a
table of chained lists of surfels.
Dij
Fig. 20. Construction of the chained lists of surfels by studying the intersections of Dij with the surface.
First, we choose a step of discretization P (smaller than the size of the surface S
we want to discretize). Then, we are going to work according to the ,rst axis of the
classical coordinates space. We de,ne a 2-dimensionnal array (kP) × (kP), denoted
by T , with k ∈N∗ which we imagine as parallel to the plane containing the second
and the third axis. Each cell T (i; j) of this array contains a chained list of surfels Lij
(Fig. 19). The method to ,ll up this array is to study the intersection between the
line Dij (the line coming from the cell (i; j) and parallel to the ,rst axis) and S (Fig.
20). If Dij is tangent to the surface, we apply a perturbation to Dij for this line not
to intersect the surface at the tangent point. Computation of this intersection is easily
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performed according to ray–surface intersection algorithms, widely known in the ,eld
of computer graphics. At each intersection of Dij with S, we have a corresponding
surfel in the chained list of surfels in T (i; j).
During the recovery of Lij, for each surfel, we have to determine by a parity rule if
we enter into the surface or if we get out.
Then, we can compute the coordinates of the deduced surfels (the ones which are
between an enter-surfel and a get-out-surfel) and obtain the discretized surface.
6. Conclusions and perspectives
According to Section 3.1, we have obtained an analog of the notion of Pn-simplicity
existing in 3D for the discrete surfaces. The results of thinning using the parallel
strategy are far better than the ones deriving from the sequential method, concerning
the shape of the skeleton and the undesirable branches.
Next, as to the polyhedrization, the obtained surfaces are rather satisfying as to
accuracy of the approximation and number of faces of the obtained polyhedron (see
the numerical values in Section 4.4). But it is necessary to choose the adapted values
of k and, especially, of L. The computing time for results is quite short (a few seconds
against several days for the method of [7] which is quadratic with respect to the number
of surfels) and the obtained faces are regular (triangles). With the method described
in [7], we get some irregular faces and very small ones, even on Qat surfaces, which
is not the case with our method (see Fig. 4.4).
Then, the boolean set operations between the objects surrounded by the discretized
surface can easily be performed using the discrete data structure.
Note that the process polyhedrization–discretization on a discrete surface is not con-
servative: in general, we do not obtain the exact initial discrete surface after poly-
hedrization and discretization.
In future works, we shall include this work into a multi-scale context. Indeed, if
we have to work with a set of multi-scaled objects, it is more relevant to consider
diBerent scales related to these objects. Thus, we should be able to represent the whole
multi-scaled set with one method.
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